In this paper we show how to find nontrivial tame extensions over Hopf orders. We assume that G is an l-elementary abelian group of order l n , which we denote by C n l . To find nontrivial tame Λ-extensions, we extend the technique used by the authors in [5] to show that no field K = Q is Hilbert-Speiser. The key step is to generalize the authors' lower bound on the collection of "Galois module classes" to Hopf orders other than O K [C n l ] ( [5, Corollary 7] ). We use our lower bound to give explicit examples of O KHopf orders Λ in K[C n l ] for which there exist tame Λ-extensions which are not free over Λ. These nontrivial tame Λ-extensions are not necessarily the full ring of integers of some Galois extension L/K with group C n l , however. They have the structure of certain tame Λ-extensions which locally, at primes above lO K , are principal homogeneous spaces over B. We call these tame Λ-extensions "semilocal principal homogeneous spaces over B" (see [1, §3] ). These semilocal principal homogeneous spaces play the role of the rings of integers in the integral group ring case; the collection of their classes in the locally free classgroup Cl(Λ) generalizes the set of Galois module classes.
For the convenience of the reader, we review the integral group ring case of [5] . Let L/K be a Galois extension with group C 
The space of left integrals of the
denote the multiplicative group of units of a ring S.
. These facts yield the following lower bound for 
Specifically, for any K = Q, there exists an odd prime l for which V
In this manner the authors [5] show that no field K = Q is Hilbert-Speiser.
Since we seek nontrival tame Λ-extensions
We require that our O K -Hopf orders satisfy a technical condition which we describe as follows. Let F + l n denote the additive group of the finite field of order l
which admit a group of automorphisms of C n l isomorphic to F * l n . (Equivalently: the corresponding group scheme Spec Λ is provided with an action of F l n ; see [9] , [4, §4] 
We shall generalize Theorem 
We apply our Main Theorem to the case K = Q(ζ m ), where ζ m is a primitive l m th root of unity, m ≥ 1, and Λ is a Raynaud order in K[C n l ], n = 1, 2, which is a Larson order (cf. [6] ). For these Raynaud orders we show that the group V
is nontrivial. Hence there exist tame Λ-extensions which are not free Λ-modules. These nontrivial tame Λ-extensions are semilocal principal homogeneous spaces over B. is the semilocalization
is a locally free rank one Λ-module, and Tr(X ) = (L B ), where Tr denotes the trace map.
As a locally free rank one Λ-module, the element X ∈ SPH(B) corresponds to a class (X ) ∈ Cl(Λ). We have the class invariant map Ψ :
. Byott [1] has given a description of the image Ψ (SPH(B)) which we will presently state. We employ the characterization of the classgroup given in [7] and [1] .
denote the free abelian group generated by the prime fractional ideals of Λ . Let (Λ * l ) denote the subgroup of principal ideals in I(Λ ). Any locally free rank one Λ-module M can be written in the form M = η · x where x is a "semilocal generator for M ", and where η = η ∩ Λ l , with η ∈ I(Λ ) (see [1, §4] ). There is an isomorphism
, where the class (M ) corresponds to the image of η in I(Λ )/(Λ * l ). We now give Byott's characterization of Ψ (SPH(B)). The augmentation map :
Via the isomorphism of (2.0), the action of C on Λ induces an action of C on Cl 0 (Λ). This action extends to an action of
where t(δ) is the least nonnegative residue (mod l) of the image of δ under the trace map Tr : 
We now define an analogue for the Galois module classes. Let R(Λ) denote the collection of classes in Cl(Λ) of the form (X ) where X is a semilocal principal homogeneous space over B. 
By the main result of McCulloh [7] we have Cl
is the image of the class invarient map for any Λ which admits C.
thus B is a free Λ-module, and (B) is trivial in Cl(Λ). Hence Ψ (X ) = (X ) for each X ∈ SPH(B).
We next develop analogues for the kernel group and the Swan subgroup
The methods of [11, Proposition 2.4] apply to show that each Hopf-Swan module r, L Λ is a locally free rank one Λ-module.
and we can identify Λ with the subring
The element h ∈ Λ corresponds to the pairing ( (h), κ(h)) ∈ N . Over K, the fiber product (2.3) yields the identification
Let p be a prime ideal of K, and let K p denote the completion of K at the nontrivial discrete valuation of K corresponding to p.
We have the completions of the maps , κ, , and σ, which we denote by p :
, where the product is over all prime ideals of O K . For any idèle α in 
Proof. Following the method of [11, Proposition 2.
The identification from the fiber product (2.3) then yields (2.5) In view of Theorem 2.4, the Hopf-Swan module r, L Λ corresponds to a class ( r, L Λ ) in Cl(Λ). We seek an explicit description of the collection of Hopf-Swan classes in Cl(Λ). Observe that the fiber product (2.3) yields the exact Mayer-Vietoris sequence 
Since Λµ is a projective Λ-module, we may apply the exact functor − ⊗ Λ Λµ to the fiber product of (2.3) to obtain the fiber product
and we may identify KΛµ with
There is a natural embedding of Λµ into the K[C n l ]-module KΛµ. Let O K Λµ denote the O K -submodule of KΛµ generated by {x 1 : (x 1 , x 2 ) ∈ Λµ}, and let Γ Λµ denote the Γ -submodule of KΛµ generated by {x 2 : (x 1 , x 2 ) ∈ Λµ}. Then as in [10, §3] , there are isomorphisms 
which yields the isomorphisms
O K ⊗ Λ Λµ ∼ = O K and Γ ⊗ Λ Λµ ∼ = Γ.
By [10, Lemma 4.20(iv)], Λµ
∼ = Λ · v for some v ∈ O * K , hence r, L Λ ∼ = Λµ ∼ = Λ · v.) ∈ T (Λ). Define T (Λ) w to be those elements ( s, L Λ ) ∈ T (Λ) of the form ( r, L Λ ) w for some class ( r, L Λ ) ∈ T (Λ).
At this point we can begin the construction of our lower bound for R(Λ)∩ D(Λ). Let σ(O
. From the exact sequence (2.6) we obtain
We assert that the (l n − 1)st power of (Γ remaining elements of C n l transitively, hence Λ 
by Theorem 2.1. Since (L B ) is a principal ideal,
The group of automorphisms C is finite and we may list its elements
Thus T (Λ)
. Now by [5, Lemma 3] , T (Λ)
R(Λ) ∩ D(Λ).
We are now in a position to prove our Main Theorem. 
is nontrivial. Then by Lemma 2.10,
is nontrivial. It follows that R(Λ) ∩ D(Λ) is nontrivial by Lemma 2.11.
Applications to cyclotomic fields. In this section we find a collection of fields K/Q and Raynaud orders
is nontrivial. We then apply Theorem 2.12 to show the existence of tame Λ-extensions which are not free Λ-modules. These tame Λ-extensions are semilocal principal homogeneous spaces over B.
Assume n = 1, and let l > 3 be a prime which satisfies Vandiver's conjecture, that is, l h + (Q(ζ 1 )), where h + (Q(ζ 1 )) is the class number of the maximal real subfield of Q(ζ 1 ), and ζ 1 is a primitive lth root of unity. Vandiver's conjecture is known to be true for primes l < 4000000 (see [12] ).
Let ζ m denote a primitive l m th root of unity, m ≥ 1. We set
, gives rise to an
where the g runs through all the nontrivial elements of C l . Such Hopf orders are called Larson orders in
We begin with a lemma.
Proof.
We claim that β j restricts to a surjection of multiplicative groups,
is a surjection of multiplicative groups.
) . Theorem 3.1. Let l > 3 be a prime which satisfies Vandiver's conjecture. Let m ≥ 1, and let j be any integer
is nontrivial. For the moment we fix j = l m−1 − 1. Our first step is to compute the group S *
as a multiplicative group, and the elements
have order l. It follows that
We 
The subgroup U ≤ S * induces a surjection of quotients
Let −ζ m denote the residue class of −ζ m modulo (1 − ζ m ) l−1 S, and let u a denote the residue class of u a modulo (1 − ζ m ) l−1 S for 1 < a < l m /2, (a, l) = 1. We claim that the classes −ζ m and
generate all the elements of σ l m−1 −1 (U ). Certainly this is true for the case m = 1, so we assume that m > 1. Observe that
For a ≡ 1 mod l, a > l + 1, let k denote the least positive integer congruent to a modulo l. Then
We conclude that the classes {u a | 1 < a ≤ l−1} together with −ζ m generate
Similarly, one shows that the classes
of the form It follows that
) must contain at least one copy of C l in its cyclic decomposition, since for l > 3,
is nontrivial for all j, 0 ≤ j ≤ l m−1 − 1, and all m, m ≥ 1. Consequently, 
It is immediate from Theorem 3.1 that for each j, 0 ≤ j ≤ l m−1 − 1, there exists a tame Λ j -extension M which is not a free Λ j -module. We know that M is a semilocal principal homogeneous space over B j . Thus locally, at the prime ideal (1 − ζ m )S lying above lS, M is a principal homogeneous space over B j .
We claim that there exists a nontrivial class (M ) ∈ R(Λ j ) for which M is the full ring of integers of some Galois extension L/K with group C l . To this end, put w = 1
, is a Galois extension of degree l. By [2, Theorem 16 We next consider the case n = 2, and find a collection of Raynaud orders , one may define an l-adic order bounded group
where g runs through all the nontrivial elements of is nontrivial. Let B j,j denote the linear dual of Λ j,j . Then the ideal (L B j,j ) is principal in the cyclotomic field K. Theorem 2.12 then applies to show the existence of a semilocal principal homogeneous space over B j,j which is not a free Λ j,j -module.
